We study the symmetries of the soliton spectrum of a pair of T-dual integrable models, invariant under global SL(2) q ⊗ U(1) transformations. They represent an integrable perturbation of the reduced Gepner parafermions, based on the gauged SU(3)/U(2) -WZW model. Their topological soliton solutions, carrying isospin and belonging to the root of unity representations of q-deformed SU(2) q -algebra are obtained. We derive the semiclassical particle spectrum of these models, which is further used to prove their T-duality properties.
Introduction
Integrable perturbations of two-dimensional (2-D) conformal field theories (CFT's) are known to describe the off-critical behaviour of a large class of 2-D statistical models near to their second order phase transition [1] (see [2] for review). The corresponding massive integrable models (IM's) have been identified with the abelian affine Toda field theories (ATFT) at some specific value of their coupling constant [3] . Few significant examples are given by (i) E (1) l -ATFT's for l = 6, 7, 8 [4] , [5] , (ii) Sine-Gordon model as φ 13 perturbations of the Virasoro minimal models (mms) [6] (iii) A (1) n -ATFT's as perturbations of W n+1 -algebra mms [7] . The Lagrangian description of certain integrable deformations of Z n -parafermionic models (PF) [8] , of the WZW models [9] , of Gepner PF's [10] and of the V n+1 -algebra mms [11] requires however another class of IM's known as non-abelian affine Toda field theories (NA-ATFT) [12] , [13] . The two simplest examples of such IM's are the complex sine-Gordon model [14] (and its generalizations [15] ) and the A and V 3 -algebra mm's [11] , [16] . Although both the abelian and non-abelian ATFT's can be realized as integrable deformations of the gauged G/H -WZW models we have to mention few important differences between them, encoded in the different gradations of the underlining affine algebra. The first is that the target space metric g kl (ϕ m ) in the kinetic term of their Lagrangians, i.e. g kl (ϕ m )∂ϕ k∂ ϕ l is flat for the abelian models and quite nontrivial function of the fields ϕ m for the non-abelian ones. The second difference concerns their symmetries: the abelian ATFT's do not have Noether symmetries, while the non-abelian ones present manifest global symmetries, say U (1) ⊗k or SU(2) ⊗ U(1) ⊗s , etc. [16] , [17] , [18] . Another important feature of the non-abelian ATFT's is that they always appear in T-dual pairs of IM's, related by specific canonical transformations [19] .
The established relation between a large class of perturbed CFT's and certain abelian and non-abelian ATFT's allows to describe the off-critical properties of the corresponding 2-D statistical systems in terms of the quantum ATFT's. While the quantization of the abelian ATFT's is well developed, it is not the case of the non-abelian ATFT's. Their rich symmetry structure together with the complicated counterterms needed in their quantum analysis [20] , make the problem of their quantization difficult and rather different from the abelian ATFT's [16] , [21] . From the other side, due to their integrability, a set of stable nonperturbative classical solutions (solitons and breathers) of these IM's have been recently constructed [15] , [16] , [17] , [22] . This suggests that one can follow further the semiclassical methods [24] of quantization of these solutions in order to derive their nonperturbative particle spectrum, S-matrices, form-factors, etc. [25] .
The aim of the present paper is to study the internal symmetry structure of the soliton solutions of a pair of T-dual NA-ATFT's possessing SL(2) q ⊗U(1) global symmetry, namely:
(∂ψ 1 ∂χ 1 (1 + ψ 2 χ 2 ) +∂ψ 2 ∂χ 2 (1 + ψ 1 χ 1 + ψ 2 χ 2 )
(ψ 2 χ 1∂ ψ 1 ∂χ 2 + χ 2 ψ 1∂ ψ 2 ∂χ 1 )) − µ 2 (ψ 1 χ 1 + ψ 2 χ 2 ) , ( They represent SL(3) generalization of the complex SG model [14] and are related to specific integrable perturbation of the reduced Gepner PF's [10] , based on the coset SL(3)/U(2) for β = iβ 0 , β 2 0 = 2π k . The corresponding CFT's (i.e.(1.1) and (1.2 ) with µ = 0) and their symmetries are studied in Sect.2. As we have shown in our recent paper [17] , these integrable theories represent the simplest example of models invariant under global transformations from the non-abelian q-deformed algebra SL(2) q ⊗ U(1) with q = exp( ). Note that the other known NA-ATFT's as Homogeneous Sine-Gordon models [15] , A (1) n -dyonic IM's [16] and the Fateev's IM's [21] admit instead only abelian U (1) ⊗s , s = 1, 2, · · · global (or local) symmetries. As a consequence of their unusual symmetry structure, both IM's (1.1) and (1.2) possess topological solitons carrying isospin I and belonging to certain roots of unity representations q 2(k+3) = 1 of SU (2) q -algebra as shown in Sect.5. It turns out that the solitons of the axial IM (1.1) are non-static (periodic in time even in the rest frame) with U(1)-charge Q = j el = ±1, ±2, · · · , ±(k + 3) equal to its topological charge, i.e. Q top ax = j el , isospin I = k + The detailed description of the semiclassical (Bohr-Sommerfeld) soliton spectrum of both models presented in Sect.5, allows us to establish the action of the T-duality transformations on their spectrum, including masses, topological and U(1) charges and isospin. We show that the axial and vector solitons share the same masses, but their topological charges are mapped into the U(1) charge Q and the isospin projection I 3 and vice-versa. This fact completes the proof of the T-duality of such IM's.
Preliminary discussion concerning the symmetries and the construction of soliton solutions of two other integrable models closely related to (1.1), namely the perturbed SL(3) -WZW model and the off-critical SL(3)/U(1) ⊗ U(1) Gepner PF's, is presented in Sect.6. In the Appendix we present the details of the derivation of the actions of the gauged G/H -WZW models studied in Sect.2 and 6. as well as their currents and the explicit form of the constraints, used in the procedure of Hamiltonian reduction.
2
Gauged SL(3, R)/SL(2, R) ⊗ U (1) -WZW Models
In this section we derive the actions of the axial and vector CFT's, based on the coset SL(3, R)/SL(2, R) ⊗ U(1) and study their conformal and internal SL(2, R) ⊗ U(1) symme-tries. We also introduce all the ingredients necessary for the construction of their integrable perturbations, which are the main object of our investigation.
Reduced Gepner PF's: axial model
The starting point in the derivation and further investigation of the symmetries of the IM (1.1) is a specific conformal field theory, namely the axial gauged SL(3, R)/SL(2, R) ⊗ U(1) -WZW model. As explained in the Appendix its action can be obtained by the standard methods of refs. [26] , [33] :
where g ∈ SL(3, R) and A,Ā ∈ H ± = {E ±α 1 , λ 1 · H, λ 2 · H}. We use a specific Gauss parametrization (A.2), (A.5) and (A.6) of the matrix fields A,Ā, g and g f ax in terms of the "physical" fields ψ i , χ i and R i introduced in the Appendix. Following the standard procedure [11] , and integrating over the auxiliary fields A,Ā we derive the effective Lagrangian of the reduced Gepner parafermions in the form (1.1) with µ = 0. It represents further Hamiltonian reduction of the simplest noncompact Gepner PF's SL(3, R)/U(1) ⊗ U(1) by imposing the additional constraints, i.e.
The chiral enhanced conformal symmetries of this reduced CFT are generated as usual (see refs. [11] , [32] ) by the remaining SL(3, R) currents, namely J ±α 2 (z), J ±(α 1 +α 2 ) (z) and J ±α 2 (z),J ±(α 1 +α 2 ) (z) (see eqn. (A.9)). These currents can be obtained from the original SL(3, R) -WZW currents (A.9) by imposing the constraints (2.2), together with two addinional constraints J λ 1 ·H = J λ 2 ·H = 0, whose explicit form is given in the Appendix. They indeed appear as conserved currents of the gauged SL(3, R)/SL(2, R) ⊗ U(1) -WZW model. Their specific feature is the presence of nonlocal terms, due to the elimination of the nonphysical fields R i andψ 1 ,χ 1 taking into account the constraints (A.12) and (2.10), similarly to the conformal NA -Toda models introduced in ref. [11] . The classical Poisson brackets (PB) algebra of these conserved currents can be obtained by rewriting them in terms of the canonical variables, Π ϕa , ϕ a = ψ i , χ i and next applying the standard canonical PB's:
An alternative method [11] , [32] consists in imposing the constraints (2.2) and (A.11) directly in the SL(3, R)-currents algebra transformations or by evaluating the corresponding Dirac brackets. The result is the following conformal current algebra of parafermionic type:
where ǫ(σ − σ ′ ) is the sign function, β 1 = α 1 + α 2 and β 2 = α 2 , (β 2 1 = β 2 2 = 2, β 1 · β 2 = 1) denote the SL(3, R) roots and s(1) = 2, s(2) = 1. In order to obtain the complete chiral conformal PF -like algebra of symmetries of the gauged WZW-model we have to add to eqns. (2.4) the PB's of the stress tensor
and its PB's with the currents J ±β i of dimension ∆ cl (J ±β i ) = 1:
It is worthwhile to note that similar to the PF-and V 3 -algebras (see eqns. (32)- (35) of ref [23] and Sect. 3 of ref. [36] ) the above PB's algebra can be considered as semiclassical limit (k → ∞ and an appropriate rescaling of the currents) of the reduced Gepner's PF's OPE algebra [10] of central charge c =
. An important feature of the quantization of the PB algebra (2.4) and (2.3) of the nonlocal currents J ±α 1 , J ±(α 1 +α 2 ) (A.9) is that their dimensions ∆ cl (J) = 1 get renormalized
Also the PB's (2.4) and (2.5) should be replaced by the corresponding OPE relations. Details concerning this SL(3, R)/SL(2) ⊗ U(1) OPE algebra and its highest weight representations will be presented elsewhere. The chiral conformal PF -type algebra defined by eqns.(2.4) and (2.5) does not exhaust all the symmetries of the CFT model (1.1) (with µ = 0). It is also invariant under the action of an additional four parametric set of global transformations. Its abelian subgroup consists of the following U(1) ⊗ U(1) transformations:
where α i are arbitrary constants. The corresponding conserved currents (∂I i = ∂Ī i ) have the form:
It is important to note that the constraints equations (A.12) allows us to relate I µ i to the topological currents of the ungauged WZW model
The question arises whether the other two constraints J ±α 1 =J ±α 1 = 0 give rise to new conserved currents too. In order to answer it, we first rewrite them in the following convenient form (see (A.9)):
R 1 ≡∂χ,
Their conservation can be easily verified by using the equations of motion of (1.1) (with µ = 0) and eqns. (2.8),(2.9), i.e. we conclude that∂I ± = ∂Ī ± . Hence the above nonlocal currents I µ ± indeed generate new symmetries of the gauged SL(3, R)/SL(2) ⊗ U(1) -WZW model. In order to derive the algebra of the corresponding conserved charges
where
(Ī ± + I ± ), as well as the infinitesimal fields transformations:
we follow the procedure described above (see also ref. [17] ) , i.e. we first realize the currents I µ ±,i in terms of the canonical momenta Π ψ i = δL δ∂ 0 ψ i ( and the same for Π χ i ) and next calculate their PB's by using the canonical PB's (2.3):
The transformations generated by abelian charges Q i are an infinitesimal form of eqs.(2.7):
while the charges Q ± leads to the following nonlocal field transformations
where ǫ i = δα i and ǫ ± are arbitrary paremeters. One can check by inspection ( and using (2.10), (2.9)) that transformations (2.14) and (2.15) indeed leave invariant the equations of motion of the gauged WZW model. Finally, the PB algebra of charges Q ± , Q i takes the form:
and
In order to identify the above algebra with a specific q -deformed algebra, we will express the r.h.s. of (2.17) in terms of Q 1 only. By noting that
and next taking into account the following PB's
we find that in the limit x → ±∞ the sum R + 1 + R − 1 has vanishing PB's with Q ± ,i.e.
The above property, together with the following rescaling of Q ± ,
allows us to rewrite the PB's (2.17) in the well known form [28] of the SL(2) q canonical PB's relations, (Q 1 + 2Q 2 ) close into the SL(2) q ⊗ U(1) PB algebra. Our conclusion about the symmetries of the gauged WZW-model in consideration is that we have two chiral (left and right) conformal Parafermion -like algebras (2.4) and (2.5) together with the (nonchiral) SL(2) q ⊗ U(1) algebra (2.16) and (2.19 ). An important question concerning the SL(2) q ⊗ U(1) symmetries of our model is whether exists solutions of the corresponding gauged WZW equations of motion that carries nonvanishing charges Q 1 and Q 2 , otherwise the algebra (2.19) becomes trivial abelian algebra. Since we are interested in the integrable perturbations (1.1) (with µ = 0) that preserves the SL(2) q ⊗ U(1) symmetry, we postpone the answer to this question to Sect.4, where such Q 1 and Q 2 charged solutions are explicitly constructed.
T-dual CFT: vector model
Following the procedure described in the Appendix we derive the Lagrangian of the vector gauged H − \SL(3, R)/H + -WZW model in the form (see ref. [19] for details):
As it is shown in ref. [19] ( see also refs. [29] and [30] for other examples of T-dual gauged WZW -models ) the axial CFT given by (1.1) with µ = 0 and the vector CFT (2.20) are T-dual by construction. The global U(1) ⊗ U(1) symmetry (i.e. the presence of two isometric directions ) of both models is known to be crucial for their abelian T-duality. For the axial CFT (1.1) they are represented by the fields Θ i = ln
the corresponding target space metric g kl (ϕ) and the antisymmetric tensor B kl (ϕ) are independent of Θ i . In order to make evident the isometries of the vector CFT (2.20) it is convenient to change the variables t i and φ i to the following new fields A, B, E and F :
Then its Lagrangian (2.20) takes the following simple form:
Now we can choose as isometric coordinates the following fields
In this context T-duality transformations relating L CF T vec and L
CF T ax
can be realized as specific canonical (field) transformation (ΠΘ [30] , [19] :
while the remaining fields (say,
and their canonical momenta remain unchanged. As a consequence the Hamiltonians of the axial and vector CFT's are identical,i.e. H vec = H ax , whereas their Lagrangians differ by a total derivative term [19] , [30] :
where we denote P i = ∂Θ i ,P i =∂Θ i and Θ i = ln(
). The second term in (2.25) is nothing but the contribution of the generating function F ∼ (2.24) . Finally, by applying the Buscher's procedure [31] (i.e. taking the Gaussian integral over P i ,P i ) one derives the vector CFT L CF T vec (2.22) starting from the axial one (see ref. [19] for details).
Next question to be answered is about the symmetries of the H − \SL(3, R)/H + -WZW vector gauged model, given by the Lagrangian (2.22). Since by definition T-duality acts as canonical transformation (2.24) it has to preserve the corresponding PB's structures [30] , [19] . Therefore the CFT (2.22) which is T-dual to the axial CFT (1.1) (µ = 0) shares the same PB's algebra of chiral conformal symmetries (2.4) and (2.5) as well as the global SL(2) q ⊗ U(1) given by eqns. (2.16) and (2.17). One can verify such a statement by direct calculation applying the procedure developed in Sect. 2.1 for the derivation of the complete algebra of symmetries of the axial CFT. However there exists an important difference in the structure of the global SL(2) q ⊗ U(1) -algebra for the axial and vector CFT's. Namely, as we have shown for the axial model, the abelian subgroup U(1) ⊗ U(1) is generated by the charges Q = 26) and therefore the abelian subalgebra of the entire algebra of symmetries SL(2) q ⊗U(1) of the vector model is spanned by the topological charges of the isometric fieldsΘ 1 = − 
which give rise to the following nonchiral U(1) ⊗ U(1) currents of the vector model:
This phenomena is a consequence of the main property of the abelian T-duality transformations (2.24), namely, it maps the U(1) ⊗ U(1) Noether charges Q 
The second relation is based on the following identities:
which are consequence of eqn. (A.12). The topological charges related to non-isometric fields, say,
coincides with the corresponding topological charges of the vector CFT
Therefore the complete algebra of global symmetries of the vector model is
and of the axial model is given by
i.e., the isospin projection I 3 of the vector CFT is related to the topological charge (see eqn. 3 Perturbed CFT model: Construction, Integrability and Symmetries
The off-critical behaviour of 2-D CFT's is usually described by adding certain relevant operators (i.e., combinations of products of chiral conformal fields of dimension ∆ < 1) to their CFT's Lagrangians [1] . We are interested in massive perturbations of the axial CFT (1.1) (µ = 0) (introduced in Sect.2.1):
which are (i) integrable and (ii) preserving the global SL(2) q ⊗ U(1) symmetry. Similar to the standard perturbations [9] , [18] of G-WZW model :
(where T a are the generators of the Lie algebra G) we consider the following perturbation to the Lagrangian of the gauged SU(3)/U(2) -WZW model
where λ i is the i th fundamental weight of A 2 and h 1 and h 2 denote its Cartan subalgebra generators. The factor group element g f 0,ax is parametrized as in eqn. (A.6). The above choice is dictated by the requirement
which guarantees the invariance of the potential
under nonlocal field transformations (2.14),(2.15) and the U(1) ⊗ U(1) ones given by (2.7) as well), i.e.,
Therefore, the perturbation (3.2) indeed preserves the SL(2) q ⊗ U(1) symmetries of the original L
(1.1). In order to clarify the integrability of the above perturbation we shall follow an alternative method for the construction of integrable perturbed CFT's known an Hamiltonian reduction of the two-loopĜ-WZW model [34] , [16] . We consider instead of the standard finite dimensional A 2 WZW model, its infinite dimensional analog [34] based on the affine Kac-Moody algebra A
(1) 2 and described formally by the same WZW action but with group elementĝ parametrized by an infinite number of fields. We next introduce the negative/positive grade subalgebras G < and G > , according to the approprietly chosen grading operator Q =d, (i.e. homogeneous gradation)
This provides A
2 with a natural Gauss decomposition
where the zero grade subgroup G 0 = H < \Ĝ/H > is finite dimensional and in the case of A
2 is simply SL(3, R) (i.e., g 0 is parametrized by eight fields, namely,ψ a ,χ a , R i , a = 1, 2, 3, i = 1, 2 as discussed in (A.5)). We shall show in the end of this section that the action of the
where A ∈ H < ,Ā ∈ H > , g 0 ∈ G 0 defines by construction an integrable model characterized by the choice of homogeneous gradation Q = d and by the constant elements ǫ ± of grade ±1(see also [17] ). In general each linear combination of E (±1) ±β and h
whose structure, in fact, determines the symmetries of the corresponding IM. The axial IM (1.1) is defined by the choice
and we have
2 }. Its action is obtained by integrating out the auxiliary fields A andĀ in the partition function,
As a result we obtain
It represents an integrable perturbation of the G 0 = SL(3, R) -WZW model that is invariant under chiral G 
we conclude that the chiral conserved currents associated to each element δ 0 ∈ G 0 0 are given by
It is worth to mention that although S
transformations it is not conformal invariant, due to the second term in its action (3.8) .
The second step in the construction of the IM representing integrable perturbation of the reduced Gepner PF's CFT (considered in Sect. 2.1) consists in further reduction of the IM (3.8) by imposing a set of subsidiary constraints:
This is equivalent of reducing the IM defined on the group G 0 = SL(3, R) to the gauged IM defined on the coset
2 }. The standard procedure [17] , [19] of realizing this gauge fixing of the chiral G 
It is easy to check by using Palyakov-Wiegman formula [37] that the following action
including the new auxiliary fields for vector gauged models, is invariant under the following Γ ± transformations:
Since we can choose γ ± and γ 0 such that g .6 ) and (A.8) due to Γ ± invariance of (3.12), we conclude that
Following the gauge fixing procedure we can further integrate over the auxiliary fields (A (0) ) ′ and (Ā (0) ) ′ and as a result we obtain the effective Lagrangians for the axial anf vector IM's (1.1) and (1.2).
The classical integrability of the ungauged IM's (3.8) as well as of the gauged (1.1) and (1.2) is a consequence of their zero curvature (Lax) representation ( see for example [35] and references therein):
(3.14)
with
where the constraints (3.10) have to be imposed in the case of IM's (1.1) and (1.2). As one can easily verify by substituting (3.15) and (3.10) in eqn. (3.14) , that indeed eqns. (3.14) are equivalent to the equations of motion (3.9). The above Lax representation (3.15) guaranties the existence of an infinite set of (commuting ) conserved charges P m , m = 0, 1, · · · The last comment is about the symmetries of the IM's (3.8), (1.1) and (1.2). As we have shown (see [17] for details) the perturbed CFT (3.8) has chiral SL(2, R) ⊗ U(1) symmetries. We have obtained the IM's (1.1) and (1.2) by gauge fixing these chiral symmetries. The question to be answered is about the residual symmetries of the IM's model (1.1) and (1.2). We have shown in Sect. 2.1 that the axial CFT (i.e., µ = 0 limit of IM (1.1)) is invariant under global, but nonlocal (in the fields ψ i , χ i , i = 1, 2) transformations (2.14) and (2.15) as well as under standard global U(1) ⊗ U(1) transformations (2.13). Since our specific choice of the ǫ ± (3.7) reproduces the perturbation of this CFT by V ax = µ 2 (ψ 1 χ 1 + ψ 2 χ 2 ) (or the vector CFT by V vec = µ 2 (AB + EF − 2)) that have been shown (see eqn. (3.3)) to be invariant under (2.14),(2.15) and (2.13), then the corresponding IM's (1.1) and (1.2) representing integrable perturbation of the axial and vector CFT's are indeed invariant under q-deformed SL(2) q ⊗ U(1) algebra. This can be directly verified by calculating the Q ± and Q i transformations of the corresponding Hamiltonians. Finally , using canonical PB's (3.2) we conclude that 
Topological Solitons carrying Isospin
This section is devoted to the construction of the one soliton solutions of the axial and vector IM's (1.1) and (1.2) by means of the vacua Backlund transformation method.
Vacua Backlund Transformations
An important property of the 2-D IM's ( including NA -ATFT's in consideration ) is that one can derive their soliton solutions starting from the constant vacua solution g 0 vac by applying the Backlund transformation method. As it is well known [16] i.e., they have the form:
and the vacua solution of (3.9) is given by:
with a, b, r i , a ik , b ik , a 33 , b 33 -all arbitrary constants. Since the Lagrangian (1.1) and its equations of motion (3.9) are CP -invariant,
we require that the eqns. (4.1) are also invariant under (4.2), thus relating the two matrix equations (4.1) (and X and Y as well). This provides us with the following simple system of 1 st order differential equations (DE) for the 1-soliton solutions (with g 0 1 parametrized as in (A.5)): 
The following algebraic relations also should take place: As a first step in the construction of solutions of eqns. (4.3) and (4.4) we derive their "conservation laws":
The first integrals of the system (4.3) and (4.4) can be easily obtained from eqns. (4.3),(4.4) and (4.7):
where C a , a = 1, 2, 3, 4 are arbitrary (complex) constants. We next observe that all the fields ψ i , χ i , R i andψ,χ can be realized in terms of two fields φ = 1 3
only. For example, we have
βφ , e
We next consider the 1 st order differential equations for the basic fields φ and u :
where we have introduced new variables ρ ± ,
Due to the fact that
is time dependent (even in the rest frame, i.e., for b = 0) an important feature of the finite energy (1-soliton) solutions of axial IM (1.1) is that they are not static and one should consider separately the following two cases
• periodic in time and stable particle-like solutions, i.e.,
• nonperiodic in time (unstable) solutions i.e.,
The second case is characterized by the fact that the electric charge Q = 1 3
(Q 1 + 2Q 2 ) and isospin projection I 3 = 1 2 Q 1 (as well as the corresponding topological charges) are not quantized i.e., Q ∈ R, I 3 ∈ R and that the solutions ψ i (x, t), χ i (x, t) are real functions. This choice corresponds to integrable perturbation of the non compact SL(3, R)/SL(2, R) ⊗ U(1) Gepner PF's. We shall consider in what follows the first case only , since it is more interesting. This is due to the fact that the corresponding time -dependent (and periodic) solutions are topologically stable and although complex, their energy is real and positive for imaginary coupling β = iβ 0 . They in fact represent solutions of the integrable perturbations of the compact SU(3)/U(2) -WZW model. The explicit form of these 1-solitons can be derived from eqns. X 0 (with X 0 = const) and
As it is evident from eqn. (4.13), ψ i , χ i are complex periodic functions
with period T = 2π msin (α) . Note that for α = 2πl, l = 0, 1, · · · they become static (i.e. time independent in the rest frame b = 0) and complex conjugate (ψ * i = χ i ). We postpone the complete study of the semiclassical 1-soliton spectrum and its particle interpretation to Sect.5.
Vector Model Solitons
Topological 1-solitons of the vector model (1.2) can be constructed as solutions of the corresponding first order equations (4.1) written in a parametrization of g 01 (see eqs. (A.7)-(A.8)) appropriate for its description. There exists however a simple way to obtain these 1-solitons in terms of the axial IM 1-solitons (4.12) -(4.13). It is based on the following relation between the axial and vector fields: 14) which is obtained by comparing the two different parametrizations (A.5) and (A.7) of the group element g ∈ SL(3, R) and according to the definitions (2.21). It is important to mention that the above nonlocal change of the field variables (4.14) represents an alternative form of the abelian T-duality transformations, similarly to the axial and vector dyonic IM's considered in ref. [16] , [27] . In order to write the explicit form of the vector IM 1-solitons we need together with the axial IM 1-solitons form (4.12) -(4.13), the corresponding solutions for the nonlocal fields R i (see eqn. (4.9)):
Substituting (4.15) and (4.13) in eqn. (4.14) we derive the 1-solitons of the vector IM (1.2):
e −iα ,
Since in the rest frame (b = 0), f = mx cos(α) + 
Soliton Spectrum and its Symmetries
The main problem addressed in this section concerns the semiclassical particle -like spectrum of the one soliton solutions of the axial and vector IM's. We derive their masses, topological and Noether charges and the most important -we identify the specific root of unity representations of the SU(2) q algebra they belong to. We shall show that the T-duality transformation maps the particle spectrum of the axial model into the one of the vector model and vice-versa.
Charges of axial IM solitons
According to its definition (2.11) the U(1) charge Q = 1 3
(2Q 2 + Q 1 ) of the 1-soliton solutions (4.13) can be realized in terms of the asymptotic values R i (±∞) of the nonlocal fields (4.15), i.e. we have:
Similarly for their isospin projection I 3 we obtain,
In order to calculate the remaining two charges Q ± we need the explicit form of the nonlocal fieldsψ andχ (given by eqns. (4.6) or (4.5)):
where ψ 0 , χ 0 are certain constant functions of ρ 1 , ρ 2 , C 1 , C 2 and det A. Taking into account eqns. (2.11) and (5.3) we finally obtain
,
Next question to be addressed is about the topological charges of the 1-solitons (4.13) of the axial IM (1.1). Instead of their standard definitions Q ψ i = ∂ x ψ i dx and Q χ i = ∂ x χ i dx, it is convenient to define topological charges related to the angular variables (taking values on S 1 ), vanish. However, the charge Q top ax , due to relation (4.8),
coincides with the U(1) charge Q,
This topological charge reflects the periodicity and the degeneracy of the multiple vacua of the axial model potential, i.e. we have
Its quantization, i.e. Q top ax = 0, 1, 2, · · · is closely related to the semiclassical quantization of the U(1) charge Q according to the field theory analog to the Bohr-Sommerfeld rule for quantization of classical periodic motions, namely that τ 0 pqdt = 2πj el , j el = 0, ±1, ±2, · · ·. For β = iβ 0 and in the rest frame (b = 0), the charged 1-solitons (4.13) represent periodic particle-like motion with period τ = 2π msin(α)
. Therefore we have
and taking into accountψ i ,χ i properties,
we derive the following quantization rule:
i.e. Q = j el = Q top ax and therefore α = j el . This is a very important property of the axial model solitons -they are topological (and therefore stable) and in the same time they carry U(1) charges, which is the main difference with the solitons of the complex SG model that are also U(1) charged, but non-topological.
Charges of vector IM solitons
As we have shown in Sect. 2.2, the U(1) ⊗ U(1) Noether charges of the vector IM
(see eq. (2.28) and (2.30)) can be realized in terms of the nonlocal fields Θ i , i.e.,
Therefore the 1-soliton (4.16) are chargeless: Q vec i = 0 and static (in the rest frame). They are characterized by two nontrivial topological charges:
Observe that we can realize the second topological charge Q E vec in terms of the U(1) Noether charges Q, I 3 of the axial model, i.e.,
Since Q E vec = l = 0, ±1, ±2, · · · is an integer (by topological reasons) and Q = j el = 0, ±1, ±2, · · · we conclude that
i.e., the isospin projection is quantized and takes half integer values. Having in mind the explicit value of I 3 given by eqn. (5.2),
and that
) we derive the following restriction :
that the parameter C 1 C 2 should satisfy. As a consequence, we find that the constant A 1 that appears in the vector and axial models one-solitons (4.13) and (4.16) acquire the following simple form: 
Soliton Mass Formula
In order to permit correct particle interpretation, the 1-soliton solutions (4.13) and (4.16) (although complex functions of x for β = iβ 0 ), should have finite (real and positive) energy. The integer topological charge (Q ax top = Q vec top = j el ) guarantees their stability. Similarly to the abelian affine Toda [38] and to the A (1) n dyonic IM's [16] , the first order soliton equations (4.3) and (4.4) are the main tool in the derivation of the 1-soliton mass formula. They allow us to demonstrate that the stress-tensor components T + , T − ,
can be written as total derivatives, i.e. (φ + +φ − ) = 1. Therefore the following formula for the soliton masses takes place :
is independent of the isospin projection I 3 = 
Solitons as Representations of SU
We first note that the 1-soliton mass formula (5.17) is quite similar to the one of the sineGordon (SG) breathers [24] and to the charged 1-solitons of the complex SG model [22] . As one can see from the explicit form (4.13) ( and (4.16)) due to the factor e 2iα ( and also sin(α) and cos(α) ) we have different solutions for
since the factor e 2iα = −q j el is quantized. Following Tseytlin's path integral arguments (see Sect. 3 and 4 of ref. [39] ) as in the case of dyonic IM's [16] we realize that β 2 0 is renormalized to
i.e. k should be replaced by k + 3. As a consequence, we find that the allowed (renormalized) electric charges are given by
The next question concerns the range of the values of j 3 (or I 3 ). For each fixed value of j el as in (5.19 ) the number of different solutions (similar to the species of 1-solitons of the A (1) n abelian affine Toda [38] ) is governed by the constant A 1 , For example, the maximal value of j max el = k + 3 leads to the following values of the isospin projections j el − I 3 , i.e. we have
One should note the difference with the 1-solitons of the complex SG model (which is obtained from our axial model by taking the limit ψ 2 , χ 2 → 0). Its solitons are U(1) charged but are nontopological and its soliton with lowest charge, j el = ±1 can be identified with the basic fields ψ, χ of the complex SG action [22] . It is not the case of the 1-solitons of our axial model (1.1) which carry nontrivial isospin I 3 and topological charge Q ax top = Q = j el , due to the fact that the corresponding particles (solitons) belong to its strong coupling spectrum. Another important difference concerns their T-dual partners. The complex SG model is T-self-dual [27] , while the T-dual partner of the vector model (1.2) is the axial model (1.1) and vice-versa and as it is evedent from the their spectrum the axial model particles are mapped into the particles of the vector model.
Discussion and Further Developments
Among the different allowed integrable perturbations of the SL(3) WZW model, we have chosen to study the one with the larger subgroup of chiral symmetries, i.e., U(2) lef t ⊗ U(2) right . By further gauge fixing these chiral symmetries one derives [19] a pair of T-dual integrable models (1.1) and (1.2) based on the coset SL(3)/U(2), i.e. an integrable perturbation of the gauged SL(3)/U(2)-WZW model. They have the remarkable property of being invariant under nonlocal transformations, whose PBs algebra closes into the q-deformed SL(2) q ⊗ U(1). As a consequence, both theories admit topological solitons carrying isospin and belonging to certain representations of the SU(2) q as we have shown in Sect. 5. The explicit construction of these solitons allows us to derive their semiclassical spectrum -masses, U(1) charges and isospin. This enable us to answer the important question about the action of the T-duality transformations on the nonperturbative particle (soliton) spectrum of the pair of IM's (1.1) and (1.2). We further verify that the solitons of such models share the same masses, but with topological charges mapped into the U(1) charge Q and isospin projection I 3 . Thus we have completed the proof of the T-duality of these IM's [19] on the level of their semiclassical soliton spectrum. Whether further loop corrections keep or destroy the T-duality is an open problem.
Given the soliton solutions (4.13) and (4.16) of models (1.1) and (1.2) (based on the coset SL(3)/U(2)), its is worthwhile to mention the crucial role they play in the construction of the solitons of two closely related models, namely
As it is known [18] , [19] one can derive the Lagrangian (1.1) by first considering an integrable perturbation of the SL(3, R) (or SU(3) ) WZW model, such that preserve the invariance under chiral (left and right) U(2) transformations, namely
where V = µ 2 e R 2 ψ 2χ2 +ψ 3χ3 . As it is explained in the Appendix (see also Sect 2 of ref. [17] ) by gauge fixing the local U(2) symmetries one obtain the Lagrangian (1.1). Starting with (6.1) one can gauge fix only a part of the local symmetries, namely U(1) ⊗ U(1), and the result is the IM (A.23) with rather complicated action, which represents specific integrable perturbation of the Gepner's parafermions SL(3)/U(1) ⊗ U(1). The most important consequence of the relationship between IM (1.1), (6.1) and (A.23) is that one can construct the soliton solutions of the ungauged IM (6.1) or partialy gauged one (A.23) by specific conformal dressing of the solitons of the gauged model (1.1) (see [18] ). Namely, the fields ψ a ,χ a , a = 1, 2, 3 and R i , i = 1, 2 of (6.1) are related to those ψ i , χ i of (1.1) by chiral U(2) gauge transformations
The soliton spectrum of the perturbed SL(3)-WZW model (6.1) can be easily derived from the following nonconformal version [18] of the standard conformal coset construction [40] :
that relates the stress tensors of the ungauged integrable model (6.1), the gauged one (1.1) and the U(2)-WZW conformal field theory. Similar relations takes place for the SL(3)/U(1)⊗ U(1) (A.23), i.e.independently of the complicated form of its Lagrangian, its solitons (and their semiclasical spectrum) can be easily obtained from the ones of IM (1.1). The detailed study of these IM's will be presented elsewhere.
The last remark concerns the relation of the IM (A.23) and the standard A 2 -Homogeneous Sine-Gordon HSG) model [15] . It turns out that they represent different integrable perturbations of the SL ( Consider the specific left-right coset H − \SL(3, R)/H + , where H ± ⊂ SL(3, R) are chosen as:
and λ i , i = 1, 2 are the fundamental weights of SL(3, R). In order to derive the action of the corresponding gauged H + \ SL(3, R)/H − -WZW model (see for instance Sect. 2 of [11] , and references therein ) we introduce auxiliary gauge fields A(z,z) = for vector gauging. It is convenient to introduce the following Gauss parametrization of the group element g 0 of SL(3, R): Due to the H ± -invariance we realize that S(g 0 , A,Ā) = S(g 
N 2 = −∂ψ 1 χ 2 χ 3 −∂ψ 2 χ 2 (1 + 1 2 χ 3 ψ 3 ) +∂ψ 3 χ 3 (1 + 1 2 ψ 2 χ 2 ), .22) such that the non -conformal model can be described by
It represents an integrable perturbation of the Gepner PF's, i.e. of the gauged SL(3)/U(1) ⊗ U(1) -WZW model and although it has rather complicated form, as explained in Sect.6 its soliton solutions can be easily obtained from the ones of the completely gauged IM(1.1).
